The He + ion on a plane subject to a constant magnetic field B perpendicular to the plane is considered taking into account the finite nuclear mass. Factorization of eigenfunctions permits to reduce the four-dimensional problem to three-dimensional one. The ground state energy of the composite system is calculated in a wide range of magnetic fields from B = 0.01 up to B = 100 a.u. and center-of-mass Pseudomomentum K from 0 to 1000 a.u. using a variational approach.
Introduction
We study a two body Coulomb system on the plane subject to a constant magnetic field perpendicular to the plane. Main focus of this paper is on the charged system, in particular the He + ion.
In classical mechanics a planar system of two Coulomb charges (e 1 , m 1 ) and (e 2 , m 2 ) in the presence of a constant magnetic field B perpendicular to the plane is bounded for any value of magnetic field B > 0 (see e.g. [1] ). In the case of particles with opposite charges (e 1 e 2 < 0) for certain initial conditions special concentric (closed) trajectories occur (see [2] and references therein), they are shown in Fig. 1 . It manifests the appearance of extra conserved quantities specific for these trajectories (particular integrals of motion) In quantum mechanics, the appearance of particular integrals signals the existence of quasi-exactly-solvable solutions. In the cases of neutral atom (e 1 + e 2 = 0) at rest and of quasi-equal charges (
) common analytical solutions of Hamiltonian and particular integrals emerge for certain discrete values of magnetic field strength [3] - [6] . They also present the periodic circular trajectory Fig. 1 (left) . Therefore, the trajectories ( Fig.1 ) may indicate that the physically important case of the He + ion (α, e) in magnetic field possesses analytical eigenfunctions. However, a single exact solution has not been found yet.
It is worth describing the 3D case. In the three-dimensional case, quantum mechanical charged systems in magnetic field have been reviewed by Garstang [7] in the infinite nucleus mass approximation. In the case of finite nuclear mass the CM motion cannot be separated from the relative motion. The investigation of the effects of CM motion on the properties of two-body systems in magnetic field started with a detailed mathematical study [8] . To the best of our knowledge there was a single attempt [9] to study the He + ion taking into account the finite mass effects. It was based on multiconfigurational Hartree-Fock method and carried out for the case of strong fields, B 500 a.u.
In spite of the fact that there exists a number of properties which are common for two-and three-dimensional systems in a constant uniform magnetic field a connection between twoand three-dimensional cases is unknown. The aim of the present work is not to study those common properties, but they will be mentioned below.
For the planar quantum He + ion in a magnetic field perpendicular to the plane calculations of eigenfunctions are not available. Unlike the cases of neutral atom (e 1 + e 2 = 0)
at rest and of quasi-equal charges (
) the CM motion of the He + ion cannot be (pseudo)separated from the relative motion as well. The situation gets complicated due to the absence of (particular) integrability [10] . Nevertheless, one component of the conserved Pseudomomentum K found by Gor'kov & Dzyaloshinskii [11] for 3D neutral system remains integral for a planar charged systems. It allows us to reduce this four-dimensional problem to a three-dimensional one.
In a previous paper [12] an accurate variational solution, complementary to the exact solutions, for several low-lying states for both quasi-equal charges (
) and neutral system at rest was given. The accuracy of obtained results was evaluated in a specially designed, convergent perturbation theory. In [13] the moving neutral system was considered.
By studying the ground state energy it was shown the stability of the system for all studied magnetic fields.
The goal of the present paper, which is the natural continuation of [12] - [13] , is to perform a detailed study of the ground state of the He + ion for different magnetic fields and Pseudomomentum, checking its stability. It has to be emphasized that the variational functions are chosen to be also eigenfunctions of one component of Pseudomomentum. It is worth mentioning that the He + ion in 3D is seen as an important system for astrophysics [14] for large values of the magnetic field.
We are going to employ a variational method with an optimization of the form of the vector potential (optimal gauge fixing) constructing the trial function in such a way to combine a WKB expansion at large distances with perturbation theory expansion at small distances near the minima of the potential into an interpolation [15] .
I. GENERALITIES
The Hamiltonian, which describes the planar He + ion, (e 1 = −e , m 1 ) and (e 2 = 2e, m 2 ) , in a constant and uniform magnetic field B = Bẑ perpendicular to the plane, has the form
(e > 0) where ℏ = It is easy to check that the total Pseudomomentum,
is a gauge-independent integral of motion belonging to the plane, on where the dynamics is developed,
For a single charged particle q in a constant magnetic field the guiding center ρ c , the center of the classical trajectory, can be written in terms of the pseudomomentum ρ c = kq×B e B 2 . For the two-body neutral system,K coincides (up to a unitary transformation) with the total canonical momentum and for B = 0 becomes the total kinematic momentum [2] . In general, the components of Pseudomomentum, closely connected to the phase space symmetries of the underlying classical and quantum Hamiltonians, are the generators of the phase space translation group [8] .
The following quantity is also an integral 
),
Ω becomes the total canonical angular momentum of the system.
It is easy to check that the operatorsK = (K x ,K y ),Ω =Ωẑ obey the commutation
Hence, they span a noncommutative algebra. The problem is not completely integrable.
The Casimir operatorĈ of this algebra is nothing but
It is clear that the integrals (4) form a subset of those already present in the threedimensional case [8] .
Now, let us introduce on the plane cartesian coordinates and consider a certain oneparameter family of vector potentials corresponding to a constant magnetic field B = Bẑ It is convenient to introduce center-of-mass (c.m.s.) coordinates
is the ratio of the mass of the ith charge to the total mass of the system
(cf. (2), (3)), where µ = µ 2 + 2 µ 1 and q w ≡ e (2 µ
2 ) is an effective charge (weighted total charge). Now, following [3] we make a unitary transformation of the canonical momenta
Then, the unitary transformed Pseudomomentum reads
and coincides with the CM momentum of the whole, composite system, see (2) . The unitary transformed Hamiltonian (1) takes the form
It is evident, [K ′ ,Ĥ ′ ] = 0. The eigenfunctions ofĤ ′ andĤ are related
Unlike the neutral system, for a charged system the components of the Pseudomomentum (10) do not commute with each other, see (4) . Therefore, the eigenfunctions of the corresponding Schrödinger equation can not be chosen as simultaneous eigenfunctions of the Pseudomomentum, but of one of its components only.
Immediately, one can check that the eigenfunction ofK
where R = (X, Y ), ρ = (x, y), K is the eigenvalue and ψ K (ρ, Y ) depends on the relative coordinates ρ and Y . The factor e i (e B ξ Y +K)X represents the only X-dependent part of the total wave function Ψ
with an effective (gauge-invariant) potential-like term [13] 
where
and CM momentum K plays a role of external parameter. The equation (14) has some similarity with that of the 2D moving neutral system [13] . By making the substitutions e → e/ √ 2 and µ → √ 2 both equations coincide when the first term in r.h.s.
of (14) is absent. A similar gauge-invariant term has been encountered in 3D as well [17] .
is the basic equation we are going to study. An immediate observation is that the CM and relative coordinates are not separated. The problem is essentially three-dimensional and we arrive at the question how to solve it. A simple idea that we are going to employ is to combine a WKB expansion at large distances with perturbation theory near the minima of the potential (15) into an interpolation. The main practical goal of this paper is to construct such an approximation for the ground state of the H + e ion and then use it as variational trial function.
II. THE EFFECTIVE POTENTIAL-LIKE TERM AND OPTIMAL GAUGE.
The term V ef f (15) is gauge invariant, i.e. it does not contain the vector potential, and for any value of K has a minimum at x = y = 0 which corresponds to the Coulomb singularity. It can be called the Coulomb minimum. For certain values of K larger than some critical Pseudomomentum K saddle another minimum can occur. It is located along the line perpendicular to the x-direction. In this direction, at x = 0, V ef f reads
and the position y 0 of minimum is given by a solution of the cubic equation
All three solutions of (17) are real if
At K = K saddle the eq. (17) has a double zero which corresponds to the appearance of the saddle point in (16) . It is located at y saddle = (
. For K > K saddle , the potential (16) has two minima, (see Fig.2 ). For fixed B in the limit K → ∞ we can easily obtain from (17) the expression
therefore, the minimum y 0,min grows linearly at large K and V ef f (0, y 0,min ) tends to zero
. Similarly, the position of the maximum
thus, y 0,max → 0 with grows of K and V ef f (0, y 0,max ) → ∞ as K 2 . The behavior of the To this end, it is convenient to introduce a gauge transformation where
and ν, d are parameters. The gauge transformed Hamiltonian (14) takes the form
where ρ 0 = y 0 (1 − ν)ŷ. This transformation implies that we consider now the Schrödinger equation in a linear gauge for which the position of the gauge center, where A(x, y) = 0, is located at
For K > K saddle we expect the gauge center to be localized on the line x = 0, between the origin y = 0 and the second minimum y = y 0,min of V ef f , (see (19) ). Thus, the vector potential can be considered as a variational function and can be chosen by a procedure of minimization as it was proposed in [16] and realized in [13] (see also for discussion [18] ). For a moving neutral system, the case d = 0 has been used in the past to study the so-called centered states with wavefunction peaked at the Coulomb minimum [19] . While for the so-called "decentered" states it seems natural to consider d = 1. The eigenvalue problem
, is the central object of our study hereafter.
For convenience, in the calculations we used the so called shifted representation,
A. Asymptotics.
If we put χ K = e −ϕ and ξ = 1 2 in (26), one can construct the WKB-expansion at large ρ = x 2 + y 2 for the phase ϕ. The leading term at ρ → ∞ is given by
Similarly, at
In the limit ρ → 0 we obtain
Assuming the condition (18) is fulfilled, the potential (16) has the second minimum at y 0,min = 0. Hence, the double Taylor expansion of the phase at x = 0, y = y 0,min has the
where α's, β's and γ's are constants.
B. Approximations
Following the prescription formulated in [15] we make an interpolation between WKBexpansion (27),(28) and the perturbative expansion (29),(30) and construct a trial function for the ground state of (26) in a form of a product
where As mentioned above this problem has some similarity with that of the moving neutral system for which a physically adequate trial function is ζ(ρ). The difference comes from the first term in r.h.s. of (14), the contribution of this term is encoded in the factor e 
III. RESULTS
We carried out a variational study of the two-body charged system on a plane moving across a magnetic field. The main emphasis is to explore stability of the system, thus, studying the ground state. For the case of He + ion, the energy for several magnetic fields 0 < B < 100 a.u. and values of Pseudomomentum 0 ≤ K < 1000 a.u. is presented in Table   I . The energy grows monotonically and rather sharp as a function of a magnetic field for fixed Pseudomomentum but at much slow pace as a function of Pseudomomentum for a fixed magnetic field. It is worth noting that for fixed B the energy E as a function of K tends asymptotically to the ground state energy of two non-interacting charges in a magnetic field.
After making a minimization, one can see the appearance of a sharp change in the behavior of parameters in (32) as a function of K. It is related with a fact of the existence of a certain critical Pseudomomentum K c > K saddle such that for K < K c the optimal linear parameters C 1 ≈ 1, C 2 ≈ 0 the wavefunction has a peak near the Coulomb singularity (centered state). At K > K c the situation gets opposite: the parameters C 1 ≈ 0, C 2 ≈ 1 and the wavefunction is peaked near the second well of (16), see Fig.2 (we call this well the magnetic well) which corresponds to a decentered state. A similar phenomenon appears in the case of a neutral system in 3D [19] and 2D [20] . The existence of such a change in the behavior of parameters results also in a specific behavior of energy dependence (see for example Fig.3 ) and mean interparticle separation vs. the Pseudomomentum. From physical point of view at K = K c the effective depth of the Coulomb well and that of the magnetic well get equal. If K < K c the effective depth of the Coulomb well is larger (or much larger depending on a magnetic field strength) than one of the magnetic well, the system prefers to stay at the Coulomb well. If K > K c the effective depth of the Coulomb well is smaller (or much smaller depending on a magnetic field strength) than one of the magnetic well, the system prefers to stay at the magnetic well. For all studied magnetic fields the barrier between wells is very large, the probability of tunneling from one well to the other is very small. Hence, the energy behavior vs. CM Pseudomomentum K is defined by one well or another, it is close to classical behavior. Thus, the presence of the second minimum in the effective potential can be neglected.
The results of calculations show that the optimal gauge parameter ξ for all values of magnetic field considered always corresponds to symmetric gauge ξ = (16)) to the symmetric gauge but centered at the magnetic well (the minimun of (16) for
In turn, the parameter d, which mainly determines the value of the gauge center, remains almost equal to 0 up to K = K c (which means the gauge center coincides with a position of the Coulomb singularity, then sharply jumps to a value close to 1 (gauge center coincides with a position of the minimum of magnetic well), displaying a behavior which looks like a phase transition. But it is not a phase transition: the energy changes sharply but smoothly. For K = K c the gauge parameters are d ∼ 0.5, ν ∼ 0. There exists a certain domain of transition from one regime to another. Overall situation looks very similar to that for the H + 2 molecular ion in a magnetic field in inclined configuration [16] . In order to illustrate the transition from a centered state to a decentered one we have calculated, using the trial function (31) with optimal parameters, the expectation value of the relative coordinate ρ , see Table IV . At weak magnetic fields B, the transition is very sharp, becoming even more pronounced with a magnetic field decrease. For all studied magnetic fields and Pseudomomentum both ρ and Y are finite. Furthermore, the trial function (31) remains normalizable. It indicates the stability and boundedness of the He + ion in magnetic field.
To complete the study we show in Tables VIII -XIV ( In Table V Our variational results are checked on agreement with results obtained with other methods. We used the Lagrange mesh method (see [21] and references therein) to obtain the ground energy for B = 0.1 a.u. and different Pseudomomentum K, see 
IV. CONCLUSIONS
Summarizing, for the two-dimensional He + ion in a constant magnetic field partial factorization of eigenfunctions (see (13) ) allows us to reduce the problem to one with three degrees of freedom. For this reduced problem we want to state that a simple uniform approximation of the ground state eigenfunction is constructed. It manifests an approximate solution of the problem. The key element of the procedure is to make an interpolation between the WKB expansion at large distances and perturbation series at small distances both for the phase of the wavefunction; in other words, to find an approximate solution for the corresponding eikonal equation. In general, the separation of variables helps us to solve this problem easily. In our case of non-separability of variables the WKB expansion of a solution of the eikonal equation cannot be constructed in a unified way, since it depends on the way how we approach to infinity. However, a reasonable approximation of the first dominant growing terms of the WKB expansion of the phase seems sufficient to construct the interpolation between large and small distances giving rather high accuracy results.
It was demonstrated that for all magnetic fields and all values of Pseudomomentum the system is bounded. Its energy grows with magnetic field strength increase as well as Pseudomomentum increase. For fixed magnetic field B, the energy behavior demonstrates a sharp change for a certain value of CM Pseudomomentum K c (B). It seems it can be used to measure the magnetic field strength. This effect was already mentioned in three-dimensional Hydrogen atom moving across magnetic field [22] .
In the Born-Oppenheimer approximation (m 2 → ∞), a curious fact that the Hamiltonian (11) possesses the hidden algebra sl 2 (ℜ) is worth mentioning. It can be immediately seen-making a gauge rotation of the Hamiltonian (11) in symmetric gauge (ξ = . We obtain the operator which is in the universal enveloping algebra of sl 2 (ℜ) (see e.g. [6] ). Hence, for specific values of a magnetic field B the algebra sl 2 (ℜ) appears in finite-dimensional representation and the problem admits analytical solutions (details will be given elsewhere).
